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ABSTRACT 


APmMOode let eameGeptesentative defense contractor is 
formulated. The model is formulated in Segments which 
correspond to the markets in which the defense contractor 
operates. The supply of input segment describes the input 
variables in the model. The manufacturing segment charac- 
terizes the defense contractors inventory and production 
process. The demand for output Segment describes the output 
and contractual relationships of the buyer and the seller. 
The financial segment relates the balance sheet and the 
income statement to the Structure of the firm. A discussion 
of decision rules for the behavior of the defense contractor 


operating at equilibrium is conducted. 
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Pee RODUCT ION 


A. BACKGROUND 
1. Need for the Model 

In the last five years all the levels of government, 
from the Congress through the Armed Sercives, have taken 
interest in the procurement process and ae problems. This 
interest 1S expressed in reports cf activities such as "The 
Commission on Government Procurement" (GOGP) sponsored by 
the Congress [5], "The Industry Advisory Council (IAC) 
Subcommittee: To Consider Defense Industry Contract 
Financing," sponsored by the Secretary of Defense [12], and 
"The Materiel Acquisition Review Committees," sponsored by 
each service. In poeta a ArmyeMatcerite) Acquisition 
Review was of interest. Each of these committee reports 
looks at the procurement process from a different Domne OL 
view and level within government. Each report at its own 
level seeks to analyze the procurement process. All of these 
reports and analyses finally boil down to considerations 
between the buyer (the government) and the seller (the 
Defense Contractor). 

The government motivations and procurement views have 
received much attention in these reports. Many new procure- 
ment policies and procedures are being formulated for imple- 
mentation in the procurement areas. As these new policies 


are implemented, questions like the following are being asked: 


JE 





"What factors in the general economy will these new procedures 
effect?" “How will the defense contractors and subcontractors 
have to adjust their operations to comply with these new 
policies?" Few answers if any are available to these 
questions. In the financial area, for example, the IAC 
Subcommittee Report says, 

~-e.- the only tool available to meaSure the effects 

of change in financing parameters is the Air Force 

Financing Model. It would not be feasible to uSe 

that model for evaluating different financing packages 

for the myriad contracts negotiated every year. 

The model developed in this thesis is an effort in 
baSic research. The modeling effort is directed towards 
Geveloping a tool with which the government can analyze the 
effects of its procurement policies on the defense industry 
and, in turn, the whole economy. 

2. Literature Review 

The modeling effort in the current literature combines 
techniques in four areas: mathematical modeling, utility 
theory, expected value theory, and maximization theory. A 
common technigue iS uSed in applying the maximization theory, 
expected value theory and utility theory. The mathematical 
model is used to establish a measure of Success by which the 
firm can guide its decisions. Profit, net income, or a firm's 


wealth are candidate measures of success. Utility theory is 


used to describe the decision makers preferences for a range 


t industry Advisory Council Subcommittee, To Consider 
Merense Industry Contract Financing, p. 20, June 1971. 
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of values for the measure of success. Expected value theory 
permits the introduction of uncertain outcomes of the measure 
of success. Maximization theory permits the characterization 
of optimal choices, given the measure of SHES. the decision 
makers preferences and a distribution of uncertain outcomes. - 

For further discussion of optimization under uncer- 
tainty see References 2, 13, 18, and 19. 

The mathematical formulation of the meaSures of Success 
of Baron, Leland, Sandmo and Vickers are discussed in the 
following paragraph. 

Baron [2] takes total wealth as his measure of success 
which is to be optimized under the conditions of risk and 
uncertainty discussed above. Baron also formulates an 
Meeenuive type crofit function for his model. This incentive 
Pesorit function is nouns in this thesis. 

Leland [13] chooses profit as the meaSure of Success 
for his mathematical model. He calculates profit Simply as 
revenue minus cost. The thrust of his work is toward analyzing 
the effects of risk aversion on the firm. 

Sandmo [18] chooses a Similar model to Leland. Fixed 
and variable costs are modeled separately to determine the 
effects each has on the analysis. Sandmo, like Leland, 
analyzes his model to determine the effects of risk aversion 
on the firm. Leland and Sandmo, though working independently, 
produce theoretical contributions in the same areas. For 
those interested in further reSearch on risk and uncertainty 


refer to Cummings [6]. 
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Vickers [19] establishes net income as the measure 
of success in his model of the firm. He develops a complicated 
model which considers revenue, fixed and variable costs, the 
firm's wealth and input and output factors. Unicieeniic model 
is unique in that his formulation integrates input factors, 
Output factors and financial considerations. 

The model in this thesis adapts the general modeling 
techniques described above to the defense contractor. The 
defense contractor model advances the current modeling efforts 
through modeling inter-market effects for output market and 
the financial market on the decision process of the firm. 

In Chapter I, Section B, of this paper, the general 
characterization of the defense contractor model is presented. 
Chapter II gives a detailed analysis of the model characteris- 
tics, the supply of input market, the manufacturing process, 
the demand for output market, and the financial market. An 
analysis of decision rules at the optimum is presSented in 
Chapter III. A Summary and areas for future research are 


presented in Chapter IV. 


Eee CHARACTERIZATION OF THE. MODEL 

The model presented in this thesis is deSigned to 
characterize the interactions of a defense contractor's 
management, which deals with the functions of manufacturing, 
finance, supply of input and demand for output. Figure I 
schematically depicts the fact that the four functional area 


of input Or supply, output or demand, finance and manufacturing 
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Financial 
Sources 


FIGURE 1. Defense Contractor 


interact with each other in a tangible, definable manner. 
Figure 1 further portrays the role of management. The 
Ponctional area of management is incorporated into the 
manufacturing and financing relationships directly. The 
decision aspects of management are embodied in the model as 
the decision variables whose optimal choice characterize the 


defense contractor from period to period. 
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The supply segment of the model is viewed in the context 
of pure and perfect competition scenario. Raw materials, 
labor and capital are ae eiable at predetermined prices 
exogenous to the contractor. 

Manufacturing 1S represented aS a two-part process, 
inventory and production. This view of manufacturing allows 
an uncluttered view of the interaction of manufacturing with 
the supply of outputs, the demand for inputs and the financial 
aspects. Yet, it is presented with enough complexity so as 
not to render the process trivial. 

The demand for output by the government and by the public 
sector is approached from the view of a contract document. 
Government contracts can be of a negotiated type between the 
government and the contractor, or a bid award type where the 
low responsible bidder is awarded the contract. This inter- 
action is conducted over a range of buyer-seller relationships, 
such as imperfectly competitive, monopsonistic or bilateral 
monopoly. 

The defense contractor's activities in the commercial 
demand market are considered strictly on a price and quantity 
basis. When a defense contractor receives a commercial 
contract, this model considers only the quantity to be 
produced and the unit selling price for that contract. 

The finance segment considers ip neecibilons between manu- 
facturing, supply of input, demand for output, and the. 
Financial market. Internally to the firm, alternative 


inventory and production possibilities are traded off against 
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moe firm's financial structure. Externally EO. the firm, 

the government, through its contracting policies and the 
financial market, establishes financial boundaries, influences 
interest rates, and the value of Owners equity, through market 
interactions. With these constraints established, the defense 
contractor adjusts his financial position to accomplish his 


production goals. 


ay 





Pee OSLTLON OF THE MODEL 


ma MODEL CHARACTERISTICS 

Some preliminary remarks concerning the treatment of 
time as a discrete variable and the nature of the model 
notation will facilitate understanding the formulation of 


the model. 


Time 

Time is a discrete variable in this model. A discrete 
formulation is appropriate since phenomena associated with 
the model occur in discrete time increments. Contracts and 
a firm's accounting periods are examples of discrete time 


phenomena. 


Notation ; 
1s ig observed that variables can be placed into collective 
classes. For example, the class of raw materials for produc- 
tion is represented by the variable M. The collective unit 
price for raw materials is written oe This notation allows 
a representative firm in a general industry to be modeled. 
Upon application of this model to a representative firm 


in a Specific industry, the class variables must be replaced 


by detailed accounting data. 


Symbols 
A table of symbols is included on page 7. To avoid 
ambiguity each variable class is represented by only one 


variable symbol] throughout this thesis. 
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Peo@cenous Terms 
All symbols appearing in this thesis with a bar ( ) over 
it, @€.g., a, are considered to be specified outside the 


model. 


Endogenous Terms 

All symbols appearing without a bar are considered to 
have been derived or calculated from variables internal to 
the model. Endogenous terms represent decision variables or 


are calculated terms resultant from other management decisions. 


Variable Interpretation 


A standard notation is used for all variable descriptions, 


Cag. ; 


Disposition ~+- Wyyl + contract type and number 
=n -etiine perrled 


tpurnciple variable 


In the example the notation should be read as "the amount of 
raw material, M, withdrawn from inventory (W) used in a 
Mmemvate contract, i, during a time period, t. A principle 


variable may be used with or without modifying descriptors. 


Price Interpretation 
All prices contain the principle symbol P and are modified 
by appropriate descriptors, e.g., 


S + commodity 


~« time period 


NS, 





In the example the notation should be read as "the price, P, 
of subcontracted parts, S, in period, t. Prices always 
appear with two modifying descriptors, one designating the 
time period and the other the commodity for which the price 


applies. 


Each segment of the model, Supply of input, manufacturing, 
demand for output and financing iS explained in turn in the 


following sections. 


D. SUPPLY OF INPUT 

The supply of input assumes a set of pure and perfect 
markets. ThiS means that the quantity of input purchased 
well not attect the market price of that input. The following 
mee OL Input variables are censidercd: capital, K, la 
L, raw materials, M, and Subcontracted parts, S. The later, 
subcontracted parts (S), is differentiated from other raw 
materials to point out the effect government contracts have 
On Subcontractors who work with primary government contractors. 
The price of subcontracted parts is determined through the 


Mmiteraction Of the primary contractor and Subcontractor. 


@eapital 

The term capital as uSed in this thesis refers to plant 
and equipment. The plant consists of buildings and land used 
by the contractor. Equipment iS composed of tools, trucks, 
machines and the like. The claSS variable K which represents 


capital does not differentiate between plant and equipment. 
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Capital is treated as a homogeneous variable. The equations 


discribing capital are written as follows: 


(1) Kee Ket Ko — OK 


(2) K 


] 
x 
+ 
m 
~ 

R 


Equation 1 should be read as "the capital available to the 
contractor in time period t 1S equal to the capital available 
in the previous period (t-1), plus the amount of capital 
purchased during period t, minus the phySical depreciation 
Sreecontractor capital during period t." Equation 2 accounts 
for the utilization of the available capital during period t. 
Equation 2 should be read as "the capital available in period 
t is equal to the sum of the capital devoted to raw material 
inventory, plus that devoted to the subcontracted parts 


inventory, plus that devoted to production. 


Labor 

Labor is a service purchased from period to period. Labor 
is also considered to be homogeneous throughout this thesis. 
The equation accounting for the cases of labor of the 


contractor follows: 


(3) ity, = an ened ee ee 


au: 





Equation 3 should be read as "the total labor in time period 
t is equal to the labor devoted to raw material in period t 
plus the labor devoted to subcontracted parts in period t, 


plus the labor devoted to production in period t." 


Raw Materials and Subcontracted Parts 
The supply of input equations for raw materials and 


subcontracted parts are identical in form. 


(4) es M + “M, - M 


(5) Sy = Si oy PS Ss 


Equation 4 can be read as "the quantity of raw materials 
available to the contractor in the time period t is equal to 
the quantity of material available at the beginning of the 
previous period t, plus the material added to inventory in 
period t, minus the amount of material withdrawn from the 
inventory in period t." Equation 5 ron subcontracted parts 

is read the same as equation 4 for raw materials. By replacing 
the word materials in equation 4 with the words subcontracted 


parts, equation 5's meaning can be interpreted. 


Government Furnished Equipment (GFE) 

GFE is considered as a special supply of input available 
for use only in government contracts. As with capital, GFE 
normally is composed of special items of material, plant and 
equipment. In this thesis GFE is considered a homogeneous 


variable. When GFE is utilized in a contract, the contractor 
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pays a nominal charge Pe for each unit of GFE. For example, 


this would represent handling charges. 


C. MANUFACTURING SEGMENT 
Manufacturing is treated at an aggregate level. That is 


it is only subdivided into inventory and production. 


Inventory 
The inventory structure is defined by two sets of 
equations identical except for the principle variable. The 


equations are: 


(6) M < Ky (8) es (Ke 
W = M M W _ S S 
(7) M, = M( Lis K,) (9) Sy = S( Lys K,) 


Equation 6 can be read as "the raw materials available from 
inventory in period t is less than or equal to the 'warehouse' 
Capacity, that is, capital k devoted to material storage in 
period t." Equation 7 can be read as “the amount of raw 
materials withdrawn from inventory for use in production in 
period t is equal to some function M of the labor devoted 

to material inventory handling and the capital devoted to 
material inventory handling." Equations 8 and 9 require 
parallel interpretations of subcontracted parts as equations 


meena 7 dO for raw materials. 
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It should be noted at this point that taken together, 
equations 4, 6, and 7 link together actions from the supply 
of input market, the inventory process and the production 
process relating to raw materials. Equations 5, 7, and 9 do 
the same for subcontracted parts. This type of a linkage 
thread, when established for the variables considered in this 


thesis, interlock to weave the fabric of a unified model. 


Pmoductlon 
The production process iS modeled as: 
H 


(10) H¥ (QO, T#,ME,S#,°L#, OKs 


* = 
Uist elt ae y 


Equation 10 can be read as "there iS some implicit production 


function H* which relates the input variables Mt, Sie “Le, 
“Ke, Gt and output variables 0%, ry in each period." Further 


elaboration on the nature of the production function 15s 
necessary here. The model of the production process is a 
multi-product output model. The output for each contract * 
in time period t is a vector. It is composed of Qf. re 
mel, ep Ze QF should be read as "the amount of product Q 
produced in period t under contract *." rs Should be read 
as "a performance characteristic attributed to Of." The 
input variables are decision variables for the firm. As 


trade-offs are made between theSe variables in a specific 


production process, the values of the output vector of that 
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mPeodcuct change. 


SIMGCemGevernment: contracts are written with 


product quantity and minimum performance specifications, 


input trade-offs are important because they directly affect 


meoflit. 


Pee DEMAND FOR OUTPUT 


The demand for output is divided into commercial demand 


and government demand. 


Commercial Contracts 


Commercial contracts comprise a substantial percentage 


of some defense contractors work. 


aspects of commercial contracts 


Recognizing this fact, two 


are described in this thesis. 


The first apsect 1s modeled as revenue from commercial 


E Pe 
i 


eyer all commercial contracts i 


Someracts written 


Qr which can be read as "the sum 


sl 


of the price PL 


Changed) per 


[mere Output in time period t, times the guantity of product 


i 
Qe 


The second aspect considered is 


produced and delivered under 


to the contractor. These costs 


expression: 


i) ie P 


Equation 11 can be read as "the 


@eemmerclal contracts is the sum 


Seuieaactmiein time period t.” 
the cost of commercial products 


are accounted for through the 


—L -1, ss _,i 
Sy Ly fe Pe K 


tb 
ct 
ct 


cost in period t of all 


over all i contracts in time 


Perlod t of the price, times the quantity of raw materials 


used in each contract, plus the 
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subcontracted parts in each contract, plus the price times 
the labor used in each contract, plus the operating price 
times the capital used in each contract, plus the cost of 
capital times the depreciation rate times the capital used 


mameach contract." 


Government Contracts 

The prime motivation of this work is to be able to 
forecast contractors responses to changes in procurement 
policy. To this end, government contract considerations are 
modeled in detail. The aspect of government contracts relevant 
to this model and of the most concern from a contractors point 
of view are: the quantity of product to be produced, the cost, 
the performance, the schedule goals, the method by which 
contractor costs will be reimbursed and the method of calcu- 


lation and payment of profit. 


Progress Payments and Cost Reimbursements 

Bet@ecemeracto Or more than One period in duration, 
contractor costs are reimbursed through progress payments 
periodically and through a final settlement upon completion 
of a contract. The equation which describes progress 


payments is written: 


(12) Pr) = I > Cl 5 yh ised 
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Equation 12 can be read as "the progress payment made on 
contract j during period t is equal to a maximum or allowable 
percentage Fd of the cost of performing contract j, up to 
period t-l,minus the sum of all previous progress payments." 
Upon completion of the contract a final Settlement is made. 
The equation representing final settlement is written: 
; ale : Ate : 
(13) he ES Wat (CFI a 2bcre 
t=1 t=1 

Equation 13 can be read as "the final cost reimbursement Z 
On cOntract j iS equal to the total cost of contract j minus 
Pewsum of all progress payments. Progress payments directly 
affect the financial Structure of defense contractors. AS is 
shown in the financial section, progress payments contribute 
to the cash flow of the firm. This cash flow reduces 
contractor commercial borrowing needs. Contractors are also 
expected to perform these contracts at a lower cost, since 


the progreSS payments are interest free. 


Profit 

Profit is divided into two classes, normal profit and 
incentive profit. Normal profit is the compensation received 
by a firm On a routine basis. Normal profit is calculated as 
a percentage of the cost of production. Incentive profit is 
a reward for achieving or SurpasSing a cost, performance or 


schedule goal. The profit equation formulated in this thesis 
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has a term in it which characterizes normal profit and each 


Peesemenecenilve protits. The profit equation is written: 


a ju) =| ea, 2a Ses 
(14) Tee a” Cy + B (C5, Cr) = joe Y(t, DY)? 
Le oe 
SC Q? - £ 02) 
i =A 


All the terms in equation 14 need not apply to each government 
contract. The profit equation is formulated to allow profit 
payments during each time period in which the contract is in 
force. Profit payments occur usually at the completion of 

the contract Or upon demonstration of the achievement of some 
incentive goal. Equation 14 can be read as "the profit in 
period t on contract j iS equal to the normal profit, plus 

a cost incentive profit, plus the performance incentive 
profit, plus the schedule incentive profit." Each term is 


explained in detail below. 


Normal Profit 

Normal profit, represented by 02 , can be read as "the 
Wemiial profit rate for contract j a , times the target 
cost for contract jc). The profit rate 1S set by the 
government and the firm during the negotiation phase of 
Semeracting. Normal profit is paid at the conclusion of the 


Semeract. 
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incentive Profit 

Incentive profit is the name given to the money paid a 
Sencractor wpon mectinny 6& exceeding a contract incentive 
goal. The use of incentive clauses in government contracts 
is widespread. The technique used here to model incentive 
profits was adapted from Barron [2]. Each category of 
incentive profit is discussed below. For further discussions 


concerning incentive profits see Reference [14]. 


Cost Incentive Profit 

The term BI (GJ - c2) represents the cost incentive. It 
can be read as "cost incentive profit is a percentage BJ of 
the cost savings over target cost (G2 - 3) to be payed the 
contractor." Note that if actual cost od is greater than 
target cost C2 there is a penalty to the contractor for cost 
Overrun. The contractor in this situation usually absorbs 


the cost overrun through reduced normal profits. 


Performance Incentive Profit 

Performance incentives are employed to obtain the best 
product through innovations in technology or production 
techniques. The performance incentive term is written: 


Zz ‘ 
(15) ee ,)) 
R 


Term 15 can be read as "the total performance incentive profit 


On contract j is the sum of the profit from & performance 


specifications, where each performance specification has a 


WS, 





performance profit rate times a measure of how well the 
performance is met (T, - ee Note the formulation of 
performance specifications in Station 14 allows for perform- 
ance shortfalls and subsequent contractor penalties as well 


as rewards. 


Schedule Incentive Profit 


The term representing schedule incentive is written: 
° e e 
Cocke oO - © 0) 


This term can be read as "the schedule incentive rate e«, 
times the sum of product produced up to and including time 
period t on contract j, minus the sum of the scheduled 
Meeauction on contract j up to period t." This formulation 


provides for rewards and penalty incentives. 


E. FINANCIAL SEGMENT 

The financial section is discussed through the framework 
of two accounting concepts, the balance sheet and the income 
statement. For a detailed discussion of financial statements 


see Reference [16]. 


1. Balance Equations 

The balance sheet is a stock concept. It lists financial 
assets of the firm and equates her to the liabilities and 
net worth of the firm at a point in time. When a series of 


balance sheets are conSidered together, a picture of the 
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changing financial posture of the firm can be observed. 
These balance sheets, when coupled with their corresponding 
income statements (discussed below), provide the observer 
with a chronology of the financial history of the firm. The 
exposition of the balance sheet and income statement which 


follow draws on the firm's history to develop financial 


characteristics. 
ASSES LIABILITIES AND NET WORTH 
Cash A, Accounts Payable Ap, 
Accounts receivable Ar, Short-term cebt dD. 
Inventory x Long-term debt B.. 
Plant and equipment K. Qvymers equity E. 
Accumulated oy OK, Retained earnings R. 
depreciation 
Total Liabilities 
Total Assets XXXAK and Net Worth AXXKX _ 


Figure 2. BALANCE SHEET 


Figure 2 1s an idealized example of a balance sheet. It 
suffices for the purposes of this thesis paper to recognize 
that the total at the bottom of the left side or asset’ side 


of the balance sheet must be equal to the total at the bottom 


ou 





Seeene rignt Side or the Piabilities and net worth side of 
the balance sheet. The equation which is a symbolic trans- 
lation of the balance sheet follows: 


1e 


(17) Boa Te ee Ky + as 6K. = 


= + + + 
Ap, + dD. By EL R, 
This equation is called the balance sheet equation. Each 


term of this equation is discussed in turn below. 


Cash 


The cash term A, in the balance sheet equation and on the 


ie 
balance sheet represents only a Single entry, cash on hand at 
the end of the period. The important concept embodied in the 
cash term is the accounting for the receipts and expenditures 


that pass through the cash term during the accounting period. 


These transactions are captured in the cash flow equation: 


= J y j i 
(18) A ee Crowne es eZ,,) > P 


o 
i 
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Equation 18 can be read as "the cash available at the end of 
period t is equal to the cash at the end of period (t-1l), 

plus the cash received from all government contracts in period 
t (see page 40), plus the cash received from all commercial 
contracts in the period t (See page 41), minus the cost of 
-raw Materials and subcontracted parts received in inventory 

in period (t-2) (the payment of invoices is delayed two time 
periods based on the accounts payable policy (page 36)), minus 
the cost of labor in period t, minus the interest on short 
term debt in -period t, minus the cost of capital purchased in 
period t, minus the cost of GFE in period t, plus the funds 
available from assuming short term debt in period t, plus the 
funds from the sale of owners equity in period t, minus the 


dividend paid on owners equity in period t." 


- 


Accounts Receivable 


The equation describing accounts receivable is written: 


= 5 : 5 hae! 
(ak) Ar, ; (Pre + 7 + Zan) + ; De QQ 
Equation 19 can be read as "the accounts receivable in pericd 
t 1s equal to the sum of all funds from government contracts 
(see page 40), plus the sum of all commercial sales (see 
page 41). Accounts receivable items of period t are received 


mae period (ttl). 
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Inventory 

Inventory 1S typical of a class of equations involving 
gains or losses of value from stock on hand. Capital is the 
other example considered in this thesis. The accounting 
scheme chosen for inventory calculations is Last In First 
Out (LIFO). The cost assigned to stock issued from inventory 
is the price of the last units that went into inventory [16]. 
Items of stock purchased in one period are undifferentiable 
from items purchased in any other period. This accounting 
process Simplifies the inventory modeling problem. The 


inventory equation is written: 
(20) X, = X + 


Equation 20 can be read as "the inventory in period t is 
equal to the inventory in period (t-l1), plus the value of raw 
Materials added to the inventory in period t, plus the value 
of the subcontracted parts added to the inventory in period t, 
Minus the value of raw materials withdrawn from inventory 
Guring period t, minus the value of subcontracted parts 
withdrawn from inventory during period t." 

This formulation not only accounts for the value of stock 
flowing into and out of inventory at each period, but 


appreciation or depreciation of stock in inventory. 
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Pient and Equipment 
The equation identifying the value of plant and equipment 


in the balance sheet iS written: 
t —K 
(21) K, = x PY AK : 


This equation computes the sum of the original purchase price 
or "book value" of each item of plant and equipment purchased 
in period t. The value of plant and equipment is decreased 

by the last term on the left side of the balance Sheet equation, 


accumulated depreciation. 


Accumulated Depreciation 


The accumulated depreciation term iS written: 


1c ie 
(22) y 6K, = 2 P 
t=1 t= 
Equation 22 can be read as "the total consumed capital is 
equal to the sum of the depreciated Capital in period t, times 
the cost of replacing that capital in period t." The inter- 
pretation of the depreciation rate Be ins elgtete on represents 


the physical rate of consumption of capital in the firm. 


Liabilities and Net Worth 
The right side of the balance sheet and the balance sheet 
equation represent the liabilities and net worth. Each term 


is discussed below. 
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Accounts Payable 
The first term under liabilities’ and net worth is accounts 
payable Ap,. The equation describing accounts payable is 


written: 


(23)) Ap, = P M + 7p M, + 


Equation 23 can be read as "the accounts payable in period t 
is equal to the cost of raw materials received into inventory 
in period (t-1), plus the aoe of raw materials received into 
inventory in period t, plus the cost of subcontracted parts 
received into inventory in period (t-l), plus the cost of 
subcontracted parts received into inventory in period t." 
This formulation allows the accounts payable to be carried 


for two periods. 


Short Term Debt 
The second entry under liabilities and net worth is short 


mem adebt. The value of short term debt is written 


(24) Dd, = Cl D, 


which can be read as "the value of short term debt is equal to 
the funds available to the firm for the insurance of one unit 
of short term debt, times the number of units of outstanding 
debt." The equation that accounts for changes in units of 


fort term debt 1S written: 


(25) Dy =e 8) 


fe Pee pee Cees 


Equation 25 can be read as "the amount of short term debt in 


period t is equal to the amount of short term debt in period 
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(t-1), plus the increase in short term debt repaid in period 
t." Note that AD, is a decision variable to the defense 


@encractor. 


Long Term Debt 

Long term debt is issued as a bond. Bonds, once issued, 
are not recalled, thus the amount of long term debt never 
Gecreases. The term By in the balance sheet equation 
represents the value to the firm of all long term debt. The 


equation which established this value is written 
(26) Seb B 


‘Equation 26 can be read as "The value of long term debt is 
equal to the unit value to the firm of one bond, times the 
number of bonds issued by the firm. The equation that accounts 


Form the number Of bonds issued is written: 


(27) Beiaeoes, + AB. 


Equation 27 can be read as "the number of bonds in period t 
is equal to the number of bonds in period (t-1), plus the 
number of bonds issued in period t." Note the isSsuance of 


Penmas 1S a decision variable to the firm. 


Net Worth 
Net worth is the sum of two terms on the balance sheet, 


equity and retained earnings. 


BouLty 
The equation represented on the balance sheet as equity is 
written: 


(28) Eep=o5 6, AE 
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Equation 28 can be read as “the total value of equity to the 
firm is equal to the sum of the market selling price of a 

unit of equity in period t, times the number of shares of 
equity issued in period t." The issue of aiicutine a firm to 
buy its own stock iS not considered. The current market value 
of equity is written e, Ey which can be read as "the market 


value of equity is the market price of equity in period t, 


times the number of shares of equity outstanding in period t." 


Retained Earnings 
The retained earnings term on the balance Sheet represents 
the cumulative retained earnings from time period zero (t=0). 


Retained earnings must be explained in two equations: 


il 
2 
oe 
" 


29) R 


(30) R 


II 
Z 
I 
PI 


Equation 29 can be read as "the total retained earnings to 
period t iS equal to the total retained earnings to period 
(t-1), plus the retained earnings from period t." Equation 30 
can be read as "the retained earnings in period t iS equal to 
the net income in period t, minus the dividends paid in 


Perioa t." 
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Revenue R 


c 
Léss cost Goods Sold CGS, 
End Inventories Xx, 
Less Beginning Inventories xg23 
Less Depreciation OK 
Gross Profit GP, 
Less Selling and Administration Costs Py Fi 
Operating Profit EBIT EBIT, 
Less Interest on Debt 8D, + B, 
EBT EBT. 
Less Taxes F (EBT) 
Net Income EAT N ie 
Cash Dividends f_ E, 
Retained Earnings *R 


- 


Figure 3. INCOME STATEMENT 


2. Income Equations 

The income statement is a synopsis of the activities of 
a firm during an accounting period. Figure 3 is an idealized 
income statement. The majority of the income statement in 


equation form is the net income equation shown below: 


(31) N(R CCS E(x 5) — Por, 
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Two terms that appear on the income statement do not appear 
in this net income equation. They are cash dividends on 
owners equity and retained earnings. These two terms sum to 
equal net income. The net income is the Hactaenl in dollar 
terms of all the activities of a firm during a period. When 
viewed in perspective over a number of accounting periods, 
net income is a meaSure of the success or failure of the 
firm. Each term on the right side of the net income equation 
is now discussed in order of appearance on the income 


Statement. 


Revenue 


The revenue equation is written: 
(32) ke DR 


The revenue for period t is divided into revenue from govern- 
ment contracts plus revenue from commercial contracts. 


Government contract revenue is written: 
(33) ER 
J 


Equation 33 can be read as “the revenue from all government 


contracts in period t is equal to the sum of revenues from | 


Seem contract j, where ea 


from contract j, plus the progress payment on contract j from 


is any profit payment to the firm 


period (t-1), plus 22 the final cost settlement of all costs 
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of the contract if contract j ends in period T." Revenue 


from commercial contracts iS written: 


(34) R 


bem 
i 
bem 
ry 
ct ob: 
ct oh. 


Equation 34 can be read as "the revenue from all commercial 
contracts in period t is equal to the sum of all the quantities 
of commercial products delivered, times the price of those 


products over all commercial contracts i." 


Cost Goods Sold 


The cost of goods sold equation is written: 


(35) CGS, = £ cGSJ + £ cGSst 
e ; ie ; c 
5 i 
The cost of goods sold is divided into the cost of government 
contracts and the cost of commercial contracts. Allowable 
costs on government contracts exclude some overhead costs and 
most interest costs. .The equation representing the cost to 


the firm of government contracts iS written: 


i) a W,.3 —S Wi4 —=T, 5 <I 5 

(36) ; CGS? Da, My + Pt Si + es Li + PT. Ke 
4 5 mG 5 
+ Py OKE + Py Gy 


The government cost equation can be read as "the cost of 


government contracts to the firm in period t 1s equal to the 
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sum over all Pe acts J of the cost of raw materials on 
Gemeract j in period t, plus the abet of subcontracted parts 
on contract j in time period t, plus the cost of labor on 
contract j in time period t, plus the operating capital used 
On contract j in time period t, plus the cost of GFE used on 
contract j in time period t." The equation representing the 


cost to the firm of commercial contracts is written: 


The commercial contract cost equation can be read similarly to 
the government contract cost equation. The only distinction 
to be noted in the formulation of the two equations is that 


mm thne commercial contract cost term there 1s no cost of GFE. 


Inventory 

tiie inventory term in the net Income equation is written: 
oc Xiu) This term can be read as "the value of inventory 
in period t, minus the value of inventory in period (t-1)." 
This inventory term accounts for appreciation or depreciation 
of inventory from period to period. Appreciation or 


depreciation of inventory is possible through LIFO inventory 


accounting techniques (see page 34). 


Overhead and Selling Expenses 
Direct Overhead and some selling expenses are included in 


cost of goods sold. There are overhead and selling costs, 
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however, which are not directly attributable to products or 
contracts. There are also some contractor costs such as 
interest and education which government contracts disallow 

as” recoverable cost. These nonattributable costs are accounted 


oy 


for in the overhead and selling expenses term P, F 


ie eae 


Interest on Debt 
Debt 1S divided into long term debt ane short term debt. 
Fach type has a separate term in the net income equation. 
Short term interest payments are described by the 


expression 6 D This term can be read as "the interest rate 


te 
on short term debt times the amount of short term debt in 
period t." 

Long term debt payment is described by the expression: 
iy B,. This term can be read as "the coupon rate p (a coupon 
rate 1S a periodic payment based on an interest rate determined 


meechne time the bond was issued) times the number of bonds 


outstanding in period t." 


Taxes 

Tax is a multiplicative term written (l-r) where r is the 
tax rate. This formulation allows the direct calculation of 
net income from earnings before taxes (EBT), see the net 
income equation, page 43. 

Since taxes are usually a fixed percentage of EBT, they 


have a scale effect on net income. 
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Net Income 
It remains only to be said that net income is the term 
Ny on the left side of the net income equation. The net 


income equation is part of the objective function on the 


maximization process in Chapter III. 


F. SUMMARY OF MODEL COMPONENTS 


The model couched in financial terms and illustrated 
through the balance sheet and income statement portrays the 
interrelationships of supply, manufacturing, demand and 
finance. 

The formulation is described in dollar relationships, 
yet the full range of production decisions, cost, schedule 
and performance tradeoffs are considered. Also, the firm's 


decision on investment in capital stock are considered. 
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III. ANALYSIS OF THE DEFENSE CONTRACTOR MODEL 


This model is developed to give insight into defense 
contractor decisions. The model is formulated to interpret 
defense contractor decisions from the contractor's viewpoint. 
It 1s assumed that a defense contractor makes decisions so 
as to maximize his net income over some finite future time 
horizon. Using these criteria, the following mathematical 
formulation results: 

Al N 


(38) Max. »» es 
t=1 (1+) 


i= Lares ZO 
1 ee emer by 


Problem 38 is interpreted as, "Maximize the sum, over the time 
horizon (t=1l1,...,T), of the present value of net income in 
each period, subject to the 2 and accounting 
identities Se formulated in the model specification, 
@hapter II." 

The mathematical technique uSed to analyze problem 38 is 
the classical non-linear optimization technique uSing a 
Lagrangian and satisfying an associated set of Kuhn-Tucker 
conditions. For further explanation of this technique see 
Hadley, Ref. [9]. A generalized formulation of the 


Lagrangian 1S written: 
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(39)- L = + 
t=1 (l+p) 
26 
(40) bos NE g 
+ te eT piel, 


Equation 39 is interpreted as "the Lagrangian formulation of 
the problem statement 38 and is equal to the. sum of the 
present value of the Lagrangians Ly Over the time horizon 
(t=l1,...,T)." The Lagrangian for each time period equation 

39 can be read as "the Langrangian in period t is equal to the 
net income (objective function) plus the sum of the Lagrange 
multipliers, times their respective conStraints." The 
constraints in this Lagrangian are composed of the defense 
contractor model accounting identities and decision variable 
constraints. The following Lagrange multipliers are restricted 
to be less than or equal to zero, Aye hoy As . Their 
associated constraints are inequality conStraints (see Figure 
4). The remaining Lagrange multipliers are unrestricted in 


Sign. Restrictions on the variables of the model follow: 


no) 
A 


nbs A,Ap,Ar,C,G,H,1I,K,M,S,W,€&,y,T 


OF< BD, E,J,e 


Oo 
A 


be Eee, 0, 0, > s il 


fine decision variables for the firm are: M, S, L, K, TI, B, 
D, E, R. The mathematical formulation of this Lagrangian 1s 


presented in Figure 4 which follows on the next three pages. 
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FIGURE 4. Lagrangian Equation 
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Figure 4 (Continued) 
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Figure 4 (Continued) 
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Given the above mathematical formulation, and assuming 
the generalized production functions in the model are concave, 
and the necessary and sufficient conditions for the existence 
of a maximum are satisfied, the following analysis is 
conducted. This analysis is performed on an intra-time period 


basis unless specifically stated otherwise. 


mim OUPPLY OF INPUT DECISION RULES 

Decision rules for the trade off or rules of substitution 
between supply of input parameters can be expressed aS ratios 
of the variables to be traded off. Three such trade offs are 
considered below: the trade off between raw materials and 
subcontracted parts, the trade off between capital and labor, 
ee the trade off between GFE and capital. The trade off 
between raw materials and subcontracted parts in this model 


mor written: 








aH* 

aM a's# Pe 
ise WS 

< a’ M* P 

ass t t 


It 1S observed that the left hand equality of equation 41 is 


mnie definition of the Rate of Technical Substitution (RTS) .7 


ER GIeSOun J.M. and Quant, R.E., Microeconomic Theory 
A Mathematical Approach, 2d ed., McGraw-Hill Book Company, 
mre 9, 1958. 
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The right hand equality expresses a result familiar to 

traditional economics, that "the RTS of raw materials for 

subcontracted parts is equal to the ratio of their prices." 
The trade off between capital and labor in this model 


is written: 








aH 

au? ax PY 
." aH ar peg gpk 

=3 t t t 

Re 


The left hand equality of equation 42 is the definition of 
the RTS of labor for capital. The right hand equality of 
‘equation 42 can be read as "the RTS of labor for capital is 
Beat tO the racic Of the price of labor to the "price" of 
capital. Here aaecla the traditional economic result is 
observed. Note that the "price" of capital is composed of 
the operating costs of capital PY (plant and equipment), 


plus the cost of replacing depreciated capital es, 


Notice 
that the nature of the model is such that any adjustment in 
mes decision rule must be vice the labor variable. 


The trade off between capital and GFE is written: 











aH 
S G 5 
(43) _. Sat eae * — 
aH ac BE ; aH 
aK® ; . TS rt 4x3 
t t 


one 





Pies ert Nand equality OL equation 43 is the definition of 
the Rate of Technical Substitution (RTS) of GFE for capital. 
The right hand equality of equation 43 can be read as "the 
Rate of Technical Substitution of GFE for capital is equal 
menthe ratio of the price of GFE to the price of capital, 
minus the marginal profitability of another unit of GFE per 
unit of capital utilized, given that there is a production 
function (technological) constraint on the use of capital." 
Note that in equation 43, when considering trade offs between 


variables, trade offs not only involve parameters external to 
G K 


the firm P. ; Py , but also involve trade offs internal to 
: ; 5 
fae firm B6 ae Nie hot ties The ratio of the relative 
| dK? 
G 1 
re 
prices = Gescribe the external trade off. The marginal 
J 
(Ds te 3 
profitability term - describes the internal trade 
j aH 
15s, G 


a 
AKy 


offs the firm must consider when substituting GFE for capital. 


Pee DEMAND FOR OUTPUT DECISION RULES 

The output for this model is a vector quantity and 
performance characteristics. The decision rule associated 
with trade offs between guantity and a performance variable 


meewritten: 
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The left hand equality of equation 44 is the Aerrn it rom OL 

the RTS of quantity produced on contract j in period t, co 

a performance specification of contract j. The right hand 

equality of equation 44 can be read as "the RTS of quantity 
eye contract BmEGe performance on contract j iS equal to the 
ratio of the incentive reward for quantity produced to the 

reward for improving a performance specification, minus the 
loss due to Quality performance output trade offs in the 


Peeauction for optimal levels of input. 


C. FINANCIAL DECISION RULES 

The relationships of short term debt, long term debt and 
equity can provide insight into the optimal financial structure 
of a firm. The optimal relationship between short term debt 


and long term debt is written: 


(45) hoy 


c 22 


is 
ct 


Equation 45 can be read as "the ratio of the value of a unit 


of short term debt to the unit value of long term debt (the 


De 





price ratio) is equal to the ratio of the marginal profitabil- 
ity to the firm of an additional dollar of short term debt to 
the marginal profitability of an additional Aoliar OL Long 
term debt." This type of relationship exists for the ratio 
of short term debt or long term debt to equity as well. Taken 
in combination these three ratios characterize the financing 
relationships that should be eStablished by a firm operating 
at the optimum. 

An inter-time period relationship of two finance variables 
total net worth and equity can be seen in the following 
equation. 


See ee 


(46) 
ya NS ae 


Equation 46 can be read as "the ratio of the marginal 
profitability of another ee of net worth in period to 

to the marginal profitability of another dollar of equity in 
period t is equal to the ratio of the same quantities in the 
previous period (t-1)." Equation 46 exhibits the optimal 
relationship of net worth, which iS composed of equity and 
retained earnings, to equity. This relationship is consistent 
from time period to time period and characterizes the optimum 


ratio of equity to retained earnings. 
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D. COST VERSUS REVENUE 

In classic economic models, e: oeoeen utilization of an 
SipuitdactOrser Producten is at the pointywhere the marginal 
revenue of output from the employment of an additional unit of 
Mmput is equal to the cost of that additional unit of input. 
Examples of this traditional concept are observed in equations 
47 and 48. 

The cost-revenue relationship between quantity and raw 
materials iS written: 
a0 M M 


+ 2 
P (l-r) Py 


i aoe 3 
(47) (A e- rq.) ee: 


eye 4,t qu 
i 
Equation 47 is interpreted as "the marginal revenue product 
of an additional unit of product per unit of additional raw 
materials 1S equal to the marginal cost of those materials, 
as valued internal to the firm on a particular contract, plus 
a term which is the cost of raw materials adjusted for taxes." 
The cost-revenue relationship between quantity and labor is 
written: 
ag? 4 


= z= _ 
S r ) Mi4,t Py + (l-r) P 





~ «3 
(48) OAT ¢ 


Equation 48 is interpreted as "the marginal revenue product 
of an additional unit of additional labor is equal to the 


Marginal cost of labor as valued internal to the firm or 


oe) 





particular contract, plus the cost of labor adjusted for taxes. 

These cost-revenue equations involve internal parameters 

i. 1 5 

me, 4 “ia? 

M 

r, Boe eae 

mined by the demand and supply in the input markets. hy A and 
f 


dA + are parameters internal to the firm which are influenced 
tf 


by the demand exhibited in the output market. hia isa 


as well as parameters external to the firm 


The cost of labor and raw materials are deter- 


parameter internal to the firm:‘which is influenced by the 
financial market. 

The analysis in Chapter III only highlights the relation- 
ships between the variables in the model of a representative 
defense contractor. These highlightsS serve two purposes, 
first, they verify that many of the traditional economic 
concepts can he demonstrated in this complicated model. 
Second, they point out the interactions between a model 
segments. These interactions demonstrate inter-market 
relationships which can not be seen in single market models. 
For example, the cost versus revenue analysis relates the 
supply of input, demand for output and the financial markets 


through decision parameters internal to the firm. 
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IV. CONCLUSION 


A. AREAS FOR FUTURE RESEARCH 

The implementation of this model to describe a specific 
firm in a defense industry is the next logical extension of 
this model. Explicit interpretations of the interrelation- 
Ships of the markets in this model can not be made until the 
generalized production functions are replaced with specific 
production functions associated with a specific firm or 
PMaUSErY. 

The scenario for the model in this paper is one of a 
certain world. Further research is necessary to adapt the 
model to a world of uncertainty. This can be most easily 
accomplished by. applying state preference theory which allows 
replication of the current model in each state of nature, thus 
the criterion would become the sum Beene states of nature 
occurring times the probability of that state of nature 
occurring. The model is constructed in such a manner that 
only a little modification is necessary to introduce utility 


theory, expected value theory, and the world of uncertainty. 


B,. SUMMARY 

A model of a representative defense contractor is formu- 
lated. The model is formulated in segments which correspond 
to the markets in which the defense contractor operates. The 


supply of input segment describes the input variables in the 


oy 





model. The manufacturing segment characterizes the defense 
contractors inventory and production process. The demand 

for Output Segment describes the output and contractual 
relationships of the buyer and the paanieee The financial 
segment relates the balance sheet and the income statement 

to the structure of the firm. A discussion of decision rules 
for the behavior of the defense contractor operating at 


equilibrium is conducted. 
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